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Abstract: Neutrino oscillations provide a fascinating window into the quantum nature of elementary
particles and admit an elegant geometrical interpretation. In the two-flavor framework, a neutrino flavor
state can be visualized as a magnetic moment—like vector whose evolution is governed by a magnetic
field-like vector representing the system Hamiltonian. In the absence of dissipation, this picture leads to
a simple circular motion in flavor space, closely analogous to spin precession. In this work, we extend
this geometrical representation by incorporating neutrino decay in vacuum. We show that decay modifies
the circular trajectory into a helical path, causing the neutrino system to effectively resemble a classical
damped driven oscillator. This analogy provides an intuitive understanding of how decay induces attenu-
ation in flavor oscillations. Remarkably, when the phase factor £ in the decay Hamiltonian is absent, the
neutrino evolution becomes mathematically equivalent to the dynamics of nuclear magnetic resonance
(NMR). However, the inclusion of this phase introduces C P violation, leading to a clear deviation from the
standard NMR-like behavior. We further illustrate the geometrical signatures of under-damped, critically
damped, and over-damped regimes through three distinct schematic representations, offering a visually
transparent classification of decay effects. Finally, we present a comparative geometrical study of neutrino
oscillations in vacuum, in matter, and in the presence of decay. This unified picturization provides a
simplified and intuitive framework for understanding neutrino oscillation phenomena and highlights the
power of geometrical methods in elucidating complex quantum dynamics.
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1 Introduction

The experimental shreds of evidence of neutrino oscillation have proven the existence of tiny but nonzero
masses of neutrino, which leads to a new era of exploration of fundamental physics [1-5]. But for a
better understanding of neutrino oscillation visually, the geometrical interpretation of neutrino oscillation
had been proposed where neutrino oscillation was described as the rotation of a unit vector depicting
the flavor state of the neutrinos around a magnetic field-like vector denoted by the Hamiltonian of the
neutrino system [6,7]. Analogously, this picturization has been compared with the precession of the
magnetic moment vector in the presence of an external magnetic field. The projection of the flavor state
[ve (1)) at time t, over the mass basis |v;) is connected to the amplitude of oscillation [6].

Although the geometrical interpretation makes it easier to understand the neutrino oscillation and
realize it pictorially, such representation is not unique. Depending on the different choices of basis,
some mathematical approaches have come up with a heuristic overview of the flavor state oscillation.
For example, in Giunri. et al. [6] an orthogonal basis e}. e} describing the flavor and the mass basis
of the neutrino has been investigated, where { stands for 1,2,3. The flavor state v, revolves around the
Hamiltonian vector B with an angle 26. A similar kind of picturization has been done in Smirnov. et al [7]
with the choices of basis with axes v, Rev;, Imv; to describe the two generation neutrino oscillation. On
the other hand, Kim. er al. [8] discussed the geometrical interpretation of flavor oscillation of neutrino in
three-dimensional Euclidean space deduced from the two-valued representation of the flavor space. They
implemented their interpretation to study the MSW effect in adiabatic and non-adiabatic scenarios.

Oscillation experiments [9-11] and extensive literature [12, 13] ambiguously prove that neutrinos
possibly decay to lighter invisible states. The literature proclaims an extensive study of the analytical
approach to neutrino oscillation in the presence of decay [14, 15]. However, due to the non-Hermiticity
of decay-Hamiltonian, it is challenging to analyze the probability of oscillation analytically, making it
harder to visualize the picture of the damped neutrino oscillation [14, 16]. Due to this, a geometrical
approach to understanding the oscillation in the presence of decay Hamiltonian has not been proposed
yet.

In the present work, we address the above adversity of the non-hermitian nature of decay Hamiltonian
by a simple mathematical approach analogous to the NMR system and illustrate the neutrino oscillation
geometrically in the presence of decay Hamiltonian. The motivation for adopting such a procedure is
to consider neutrino as an open quantum system with a similar viewpoint to an NMR system where the
external magnetic field acts as a beam splitter; in the case of neutrino, the unitary transformation matrix
performs the same [13, 17-19]. The result of the damped oscillation of neutrino also goes hand in hand
with the NMR. However, introducing the phase factor £ with the non-Harmitian decay Hamiltonian the
introduces CP violation in two flavor neutrino oscillation even in absence of the Majorana phase which
modifies the dynamic of the flavor state that introduces a significant difference from the NMR. For a
simplistic overview, we restrict ourselves to only two-flavor neutrino oscillation.

The construction of the paper is as follows. We start our work with the general theoretical frame-
work(Section IT) for the neutrino oscillation, where we define the two mass eigen states |v1) and |v2) as
a two-level system. We also introduce the decay Hamiltonian along with it. Next, we follow the density
matrix formalism to define the neutrino as an open quantum system in the presence of decay. To picture
the oscillation vectorially, we vectorized the operator using the bra-flipper operator. We use the Pauli
Matrix basis to represent the vectorized operator and construct the dynamical evolution equation. In
the result and discussion session(section IIT), we evaluate the probabilities and equation of motion. We
explain our result with two different schemes. First, we approximated the decay parameters to be zero
for the ideal case. In the next, we derive the equation of motion, including the decay parameters. In this
section, we also explain the result graphically and present the same using geometrical schematics. In the
successive section(section IV), we compare geometrical interpretation in different bases following [8]
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with the present work. We also briefly discuss the matter effect and illuminate the geometrical interpre-
tation of neutrino oscillation in matter. The paper concludes with an overall summary of the total work
and sheds light on some of the other perspectives of the work for future reference.

2 Theoretical Framework

Consider an ultra-relativistic neutrino (left-handed) with flavor @ with @ = e, g, T and momentum j. The
present theoretical framework extends to considering the following two eigenstates of neutrinos, i.e., mass
eigenstate, which is the propagating eigenstate, and flavor eigenstate, which is the interacting eigenstate.
These two eigenstates are expressed by the two state vectors |v, ) and |v;) which are related by the unitary
transformation transformation.

[va) = ZU:LHW() 2.1)
k

Where |v,) is the flavor state of the neutrino, and |v,) is the mass eigenstate of the neutrino. As we deal
only with the two flavors, no additional CP phase part is needed. Hence, the unitary transformation U*
will be replaced by the orthogonal transformation OT . where,

(2.2)

cosf sinf
(7 sinf  cos 9)
In this work, we consider only Dirac-type neutrino. It is to be mentioned here that for Majorana type
of neutrino CP violation phase needed to be considered even for the two-flavor neutrino oscillation as
1
0 e
is a complex Hilbert space known as the system’s state space. In Hilbert space, the state vector entirely
describes the system’s state. These state vectors of a finite Hilbert space correspond to the possible
physical condition of the system, and they are the pure state.

Considering the fact that a column matrix gives any state vector in Hilbert space, we consider the

well [15], i.e., [vq) = OUpp |vi), where Uy, = ( ) Associated with any physical system, there

, : : 1 0
mass eigenstates of the neutrino as a two-level system with state |v,) = ( U) and state |v2) = ( 1). In the

present work, we restrict ourselves to the two-flavor oscillation only. In Hilbert space any operator is
LAy (i)
2lAI) (2[A12)
off-diagonal elements as the transition elements between the two levels. In resemblance with the neutrino
system states |1) and |2) replace by the mass eigenstates |v,) and |v,}. To start with, consider two flavor
neutrino states as ¢ = (v, V_u)T and the corresponding effective Hamiltonian in vacuum is expressed
in the limit of ultra-relativistic energy approximation E; = p + mf/ 2p = E+ m? /2E as,

2
'H[,:|E(1 °)+ ' (ml g )| 2.3)

given by a square matrix, A = ( ) With diagonal elements as the eigenvalues and the

0 1) 26\ 0 md

It is well known that the term proportional to identity has no effect on neutrino oscillation and hence
can be dropped from now on. The neutrino mass eigenstates are related to the corresponding flavor
eigenstates by a unitary mixing matrix. Thus, the vacuum part of effective Hamiltonian in flavor basis is
read as,

I | m?cos?@+m?sin®6  —cosé singAm>
2E — cos @ sin 8Am> m? sin® @, m2 cos? 6

1
_ Am? (—cos26 sin26 ]
4E \ sin20 cos26

Hr =

(2.4
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with Am? = m% - m% is the mass square difference between the two mass eigenvalues of the neutrinos.
From the eigenvalue equation for mass eigenstate have the eigenvalues

Ho [vi) = Ex |vi) (2.5)

)
T mn . 5. % .
By & ;—,L and E; = 5z. Here we consider the same energy approach for the ultra-relativistic process

s

pi~ E+ % so that the oscillation phase reduces to A¢g = —-Ap - L ~ %L [20]. It is sufficient to notice
no transition between the two energy levels in vacuum oscillation. In Schrodinger’s picture, any neutrino
state follows the evolution equation of the initial flavor o as

d
’E |Va) . HF ‘Vw> (26)

Where Hp is the Hamiltonian of the flavor state. For simplified of the mathematical description we take

m _ mi _
3 — a1 andE—az.

From the experimental evidence of neutrino oscillations, it has already been proven that neutrino has
a finite mass. All the particles having finite rest mass have some finite decay width. The decay probability
increases with the mass of the particles [21,22]. The decay probability becomes very small for a very
low-mass particle, and we get quasi-stationary states i.e., the particles are localized for a long time.
Without decay, each flavor eigenstate is the coherent superposition of mass eigenstates. The Hermitian
nature of the Hamiltonian gives rise to real eigenvalues. Nevertheless, the non-Hermitian attribute of the
decay Hamiltonian generates discrete complex eigenvalues. The Decay Hamiltonian for neutrino is given
by [14,15,23,24]

1,,i¢
bt 2”") @7

r/2= .
/ (%?767"{ b>

Incorporating the decay Hamiltonian with the standard Hamiltonian term, we get the effective Hamiltonian
H,, in mass basis,

H,, = Hy—il/2
_ (a1 0)_ ( ib; éqe’-() (2.8)

0 a> %r}e"“' ibz

Ho is the vacuum Hamiltonian, associated with the mass square terms and energy. Considering a finite
decay width of the single neutrino system, a decay Hamiltonian is also associated with the vacuum
Hamiltonian given by the I'/2 matrix. As mentioned in [15] a bound of 7,, > 5.7 x 10°s(my JeV) is
derived from the neutrino data of Supernova 1987A. which leads to T', = b = 1072'¢V for a neutrino of
mass | eV. Also, in [25] suggested an approximate value of b. Although the literature suggests a rough
estimation of the value of the decay parameter, it converges towards the ultrahigh-energy neutrino from
the astrophysical sources [15]. Here, &, b; and 5 are real parameters depicting the cause of the decay
of mass eigenstate. Since there is no established numerical value of decay parameters, the motivation
of the work is to visualize the decay geometrically and following the defined value of the parameters
and probability in [14, 15,25,26] plot the appearance and disappearance probabilities in the presence of
decay. For the presence work, we restrict ourselves only to the invisible neutrino decay for which we
approximate & = 0 [26]. Also, for analytical simplicity, we consider b = b, = b [15].

The claim is that the Hamiltonian of the system doesn’t change with time. The decaying system makes
the standard Hamiltonian of the system, 7y, non-commutative with the decay Hamiltonian, I'/2, as a
non-hermitian oft-diagonal element 7 is associated with the decay Hamiltonian. However, in spite of the
anti-Hermitian nature of the diagonal element b of I'/2, it commutes with Hy. This is so because, in the
absence of the off-diagonal element, the decay basis matches with the mass basis Hence, the information
about the eigenstates of such a decaying is not explicitly deterministic. Hence, the intuition is to find
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a basis for this modified Hamiltonian for a system of decaying neutrino oscillation and to interpret the
system’s dynamics geometrically. We represent the Hamiltonian for the decaying system of the neutrino
in the mass basis as Hy,, which comprise both ‘Hy and I'/2, Figuratively,

,_ajoiibﬂii‘O:]/Z
H’"‘(o az) 2(0 b) 2(n/2 0) @.9)

We redefine eq.(2.10) as (“];—“2)0'0 + %0'3 —ibop - i%cr], [15]. Explitice mathematical form of this
description is,

Hy = was + (=ib)oy + (—in) [ 20 (2.10)

FEa- o » - . .
The term, w = ﬁ’—g, incorporates the mass square differences of the neutrinos, which is the most essential

component for the phenomenon of oscillation. We neglect here the term (a%a:]
physical significance in flavor-changing neutrino oscillation. This decomposition makes it possible to
represent the Hamiltonian structurally as the inner product of a vector with the Pauli matrices. To address
this affirmation, we introduce a vector B, which denotes the vector representing H,,,. This Hamiltonian
is now analogous to the inner product of two vectors. Now define a vector 8, depicting the Hamiltonian
of the system. The above expression is analogous to the inner product of the vectorized Hamiltonian, 8

in oy as it has no explicit

and the Pauli matrices, which gives as follows,
Hn=8 0o (2.11)

However, the ambiguity arises in defining the basis. Instead of relating Cartesian coordinates to define
the Pauli matrix, we use the mass eigenstates, |vi) and |v2) to expound the Pauli matrices. This
characterization is feasible for the present framework as we consider mass and flavor basis. In this
context, we refurbish the Pauli matrices,

ay = |v) {va| + v2) (v

oy =ilvi) (val =i v} (1]

o = [va) {(val = [v1) (vl

L = [vi) {vi| + |v2) (va

(2.12)

Eq.(2.12) suggests the operator representation of the Pauli matrices. Consequently, this definition mo-
tivates us to represent a new basis for the Pauli matrix. However, two points need to be highlighted.
Firstly, the dimension of this space, i.e., [v;) {v;| will differ from the previously defined state space |v;).
Secondly, a vector is represented by a column matrix, whereas a square matrix represents an operator.
When we modify the Hamiltonian operator formalism to vector representation, the square matrix must
also be converted to the column matrix. This is possible using a bra-flipper operator U, [27],

Ullva} (vill = viy @ Iv;)" = visvi))

This allows us to define a linear space of matrices, converting the matrices effectively into vectors [27,28].
But the representation also has an extra complex factor 7, making it difficult to interpret the 8 vectorially.
Here, we initiate the concept of quaternion [29]. The quaternion is the three-dimensional projection of
a four-dimensional complex hyperspace, similar to stereographic projection in complex analysis [30]. It
is noteworthy that Pauli matrices form the quaternion groups [31]. Hence, it is physically more relevant
to use the Pauli matrices as the basis for this vectorization of the operator, which inherently carries the
complex factor within. Observing such fact in Pauli basis , the complex i factor is nothing but a phase
factor e~*"/2 which denotes the rotation of the axis [32]. This implies that the inner product with Pauli

matrices leads to the vectorization of the operator. Following this, the Hamiltonian modifies to,

B = wés + (—ib)oo + e non (2.13)
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o is the correspond B denotes the vectorized Hamiltonian in mass basis. Therefore, moving it in the
flavor basis changes the basis vectors, 1.e., the Pauli operator. The rotational transformation of the Pauli
basis whichis oM = o oM = sin 200 +cos 200F, oM = oF, oM = cos200F —sin 260 F. Defining
this, we next move to analyze the flavor state and its evolution on this new basis.

Now consider the neutrino is created in the flavor eigen state as electron neutrino in Hilbert space H,.
We have already mentioned that each flavor eigenstate of neutrino does not have any definitive eigenstate.
Instead, it is the linear superposition of the two different mass eigenstates. The dynamical propagation of
the mass basis acquires an amount of flavor basis during propagation, due to which a certain amount of
mass also gets mixed associated with each flavor state. More details can be followed from [33,34]. As we
have already mentioned, each flavor state of neutrino can be thought of as a two-level system consisting
of two orthonormal mass eigenstates, |v() = |0) and |v2) = |1), defined over the Pauli bases. For the
present discussion on the two-flavor oscillation, we restrict the superposition to the two mass eigenstates
only, i.e., [ve) = cos@|0) +sin@ |1}. Hence, each flavor state of neutrino is an entangled state of the
mass eigenstate [17,19]. From the basic postulates of the quantum mechanics corresponding to every
system’s physical state, a state vector is associated with it. The state vector represents the pure states,
which specify all the known physical information about the system. This is an ideal case. In most cases,
the system is not in a pure state. Most generally, we may know that a quantum system can be in one state
of a set {|v,)} with probabilities w;. In this case, the mathematical tool that describes our knowledge of
the system is the density operator (or density matrix). Due to the oscillatory property of the neutrinos,
instead of using a state vector for the flavor state, we use the density operator p,, where 5, € H; [26].
Consequently, instead of investigating the dynamics of single state vector we study the evolution equation
the density operator pgo = |[va), we use |vo) (vl for pure states and popg = |va) (vg| for the mixed state,
that depicts an ensemble of bi-flavored neutrino system. The state |v, ) is from Hilbert space H; and the
state |vg) is from Hilbert space Ha. The dynamics of the combined system p = [v,} (vg| is defined over
the Hilbert space ‘H; & H> [19] which has the dimension of H>; ® H,. The manifestation of this idea
makes our choice basis more tangible. The density operator |v.) (v,| for pure electron neutrino state is,

[ved (vel = pi = cos® @ w1} (v1] +sin @ cos 8 |v1) (v2]
+58in6¢os 0 |[va) (vi] +sin® @ |v2) (val
= cos® §|00) + cos #sin @ |01)
+cos@sinf|10) +sin0]11)

(2.14)

While propagation, the flavor state is mixed with the mass eigenstate, and since each flavor state consists
of two mass eigenstates, the purity of the system is not conserved, and the neutrino oscillates from one
flavor state to the other. Redefined mass eigen state consists of [00) = [0}, @ |0}, , [11) = [1); ® |1},
J11) = |0), ® [1), and [10) = |1}, ® |0)... From eq.(2.14), the density operator denoting the flavor state,

_ [ cos’8  cos@sing
Per = (Cos(?sinf? sin® 0
density operator. The objective is to vectorize the Hamiltonian and density operator over a common basis
to study the dynamics pictorially. This will give us a comparative understanding of the neutrino evolution
and the precision of an NMR in an external magnetic field. To express the vectorized form of the density
operator, we introduce a momentum-like vector F such that F;=Tr %a’,-p], where i stands for the 1, 2,
and 3 components.

). We exploit the fact that R? ® R? is isomorphic to R* to vectorise the

1
F1 = TI‘[E(T”)]

—1e|L(0 1jfpn pr2 2.15
_Tr|2(1 0)(021 Pzz” =

= %(mz +pa1)
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Similarly F; = %(plg - p21) and F3 = %(p“ — p22). Hence, the density matrix is constructed as,

F Fi—-iF
p”:( oo (2.16)

F1 +iF2 —F3

pi; stands for the components of the density operator in Pauli bases. Hence, F signifies a vector that stands
for the flavor state of the system that aligns toward the flavor basis. We consider the neutrinos created a
pure electron flavor state. The two flavor states corresponding to the bi-flavored neutrino oscillation are
orthogonal to each other. Accordingly, we take the v, state along o'f and v, along —rrf. In flavor basis at
=0, FIF =0, FZF =0and F3F = 1. We move F from flavor to mass basis to study the evolution equation
to avoid mathematical ambiguity. However, time evolved F(r) will be applicable for understanding
the scenario at the probability level. Constructing so, we move to evaluate the evolution of the density
operator.

Now we have two vectors F and B representing the two operators, density operator p and the total
Hamiltonian including decay H,, respectively, defined over the Pauli basis. The Hamiltonian vector B
has a Hermitian component, By, which is associated with mass square differences and a non-hermitian
component, By, which incorporates the decay component of B. Although we initiated the study of the
Schrodinger equation, which states the dynamics of the flavor state, as soon as we introduced the concept
of density operator, we moved from the Schrodinger picture to Heisenberg’s picture, where the operator
has the dynamical evolution instead of a state vector.

d $
(45l = (Bup ) - 0B ) + (Busp() - p (0B, @17
For the non-hermitian nature of the decay Hamiltonian B,,;, # B;':lh. However, discrepancies arise as
the Hamiltonian is vectored but not the density operator. To rectify this inconsistency, we convert the
density operator p to the vectorized form mentioned previously by the vector F. Using the form of p
from eq.(2.16) the form of LHS of eq.(2.17) modified to,

i _ 0 *21‘(1)(F1 *iF’_;)
dr” = \2iw(F, +iFy) 0
F; Fi—iF
2b (FJ o e ) @.18)

-1 F;
w1 0
0 -nF
The RHS of the above equation changes its form following the form < F; = Tr%o',-gd;p. The component

dr” b
wise evolution equation of F is thus,

Fl Z—Q)Fz—bF]

Fy=wF| - bF, (2.19)
FZ = *th_]
In matrix form,
Fl -b -w 0 Fl
FBl=lw -b 0 P (2.20)

F3 0 0 =2b)\F;

it is noteworthy that although we have vectorized the density operator as F, we do not mention explicitly
on which basis it is defined. In general, F illustrates the density operator of the flavor state of neutrino.
We can denote flavor part of the F as F/" while in mass part M. As we consider neutrino is created as the
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pure electron flavor, hence at 1 = 0, Ff = O,F,_f =0, Ff = 1. In mass basis atr = 0, F‘]M = sin 26’,Fé" =0,
Ff" = cos26¢. On that account eq.(2.20) donates the evolution equation of FM in order to find time
evolved FM atr =0 [6]. Rewriting eq.(2.20),

FIM -b -w 0 F]M

FMl=lw -b 0 ||FM (221

F3M 0 0 -2b FSM
Recall we have mentioned earlier that w = %‘% Accordingly, 2w = %’%’ which defines the standard
oscillation frequency of the flavor oscillation of neutrinos. Thus, we redraft 2w as w,;. for mathematical
simplification. It is to be noted that the time evolution of the density operator is not independent of 7,
i.e., the off-diagonal part of the decay Hamiltonian, which is also referred to in eq.(2.18). However, the
time evolution of F, i.e., vector depicting the flavor state, is independent of the off-diagonal element 5.
Choosing the Pauli basis makes the evolution equation independent of the off-diagonal element.

3 Results and Discussions

In this section, we discuss the evolution of F¥ analytically and illustrate the result geometrically. We
interpret the dynamical equation as a second-order differential equation, an easier way to understand the
oscillation pictorially. We scrutinize two different scenarios. Firstly, we consider the damping parameters
zero and give the geometrical representation figuratively. Next, we include the decay parameters to reduce
the differential equation of neutrino oscillation to the modified form and represent it geometrically.

* Scenario 1: We first consider the standard neutrino oscillation without including decay parameters.
For the standard neutrino oscillation, we setn = 0, b = 0. Hence, from the eq.(2.21), we can observe
that the evolution equation of the vector describing the density matrix F becomes FIM = —won-FzM 5
FZM = w,,,-[-FIM and F3M = 0. Individually F]M and FZM satisfy the equation of simple harmonic
oscillator. Hence, in compact form

FY% = —wlso 15 3.1)

However, to have a more rigorous mathematical picture, it will be convenient to express them in
terms of B and F, although the in eq.(3.1) wysc is nothing but the coefficient of B itself. Eq.(2.21)
can be expressed as, FY = —wosc £} 6y and FY = wosc £} &2, which is contracted to the form,

2 M A M A

F= _wcu('lpz o+ wus('f'l o2
= 63 x FM & by % F| 0 3.2
= |Wose O3 XI5 02| + |WoscT3 X 1107 (3.2)

=BxF

This leads to the standard form of the Bloch equation with oscillation frequency wes. = Am*/2E.
Also, eq.(3.2) implies the gyromagnetic ratio is 1 for this precessional motion of neutrinos. The
diagram in the right panel of fig.1 figuratively refers to this precessional motion. At time 1 = 0,
the initial electron flavor state representing vector F(green line) is aligned along the o'f and is
denoted by F(0). After a certain time ¢, the F will rotate to a position and be aligned to the
position F(r). Considering the ultra-relativistic limit for the neutrinos ¢ can be substituted with
the oscillation length. After the completion of one Oscillation length, F will acquire the state
F(0). In the absence of decay Hamiltonian, this circular motion of F around B(yellow line) will
remain unaffected. Flavor and the mass basis are mentioned in the plot legend. Bloch equation
represents the evolution equation of the spin-angular moment vector or magnetic moment vector
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Figure 1: Geometrical representation of basis in flavor basis and mass basis in the presence of decay(left-
panel) and geometrical representation of standard neutrino oscillation without decay(right-panel). Here
we follow the Pauli basis, i.e., &, 6, 63 as the basis vector by which we define the coordinate axes.
Plot legends in the box define the color representation of different components of the illustration. As the
diagonal terms of the decay Hamiltonian match with the mass bases, it acts as a displacement element to
the &3 component of the mass basis. The Hamiltonian depicting vector Bis along 3. The o3 direction
denotes the v; mass eigenstate and —o3 directs toward the v2. On the other hand, in the flavor basis, the
two orthogonal flavor states v, and v, align along positive and negative o directions, respectively, as
illustrated in the left ﬁgure The figure in the right panel shows that in the absence of decay, the flavor
state representing vector F rotates around the Hamiltonian vector B following in the equation F = B x F.
The initial flavor state is of electron neutrino; hence, F is along +&. After a finite time 7, F is along F(z),
which implies the mixed state. After one complete revolution, it comes back to the initial pure state. In
the relativistic limit ¢+ = L, the angular velocity of the rotation is equivalent to the oscillation length L.,
shown in the adjacent figure on the right.

along a direction of the externally applied magnetic field. Analogically, it can be inferred that the
Hamiltonian in the mass basis acts as a magnetic field, and the flavor state revolves around it with
the precessional frequency w.

The applied magnetic field acts as a perturbation to the system, which exerts a torque in the
equilibrium condition of the system, driving the system to rotate around. A similar phenomenon
occurs for the system of neutrino as well, where the Hamiltonian, which contains the squared
difference term, illustrates the linear combination of the two different masses; one is the system
mass, and the other is the mass acquired from the vacuum while propagation.

Usually, this phenomenon cannot be seen when a particle has a definite mass. A single flavor state
consisting of a single mass eigenstate may not possibly execute the oscillation. This adds the unique
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Figure 2: Plot of appearance probability P..(red line), disappearance probability P, (black line) and
the total probability P(Blue-dashed line). The plot in the right panel shows the probabilities with the
variation of L(knt)/E(GeV) in vacuum. In the absence of decay, the two-flavor state acts as a two-level
system with a constant oscillation amplitude, which keeps oscillating without deviation. Meanwhile, the
figure in the right panel shows the probabilities in the presence of decay. Graphically it describes that
the decay Hamiltonian which coincides with the mass basis is responsible for the amplitude damping

of probabilities according to the expression PY, = ¢=22Lp,, P{fﬂ = g 2L Peyes P? = ¢72PL  The plot
legends mention the figure indicates the appearance, disappearance, and total probability variation. The

figure manifests the fact that with the increasing length L(ki), the amplitude of a P2, P;’# decreases in

an oscillatory manner while the total probability P decreases exponentially, with E = 1GeV. This figure
also conveys the graphical layout of under-damped oscillation when the decay parameter magnitude of
the decay parameter (b) is much less than angular velocity wL. The value of the parameter b is 1072 eV
for considering leV = Am? [15]

dynamical feature of eq.(3.2), making it distinct from any other fermions. |v.) = ¢1 |vi) +¢2 [va).
This torque appears due to the superposition of two mass eigenstates. In addition to this, the
existence of different flavor states makes the phenomenon more prominent. Illustratively, it is
described by Fig.1. We have considered that neutrino is created as a pure electron flavor state. In
flavor basis, the pure electron flavor state is lined up along {r;f , and the muon flavor state is along
—(T{ '. Considering the transformation of the basis vectors, the mass and the flavor basis are inclined
by an angle 24. This is known as the mixing angle of neutrino. eq.(2.13) suggests that in mass basis
B is aligned along ¢} with the states v, in o2 and v; in —c-. Imposing the initial condition
at r = 0, i.c., in flavor basis F} = 0,Ff = 0, F§ = 1 and in mass basis, F}' = sin26,F}' =0,
F_;" = co0s 24, the solution of eq.(3.2) is reduced to,

F{w (0= FlM'(O) COS Wogel + FgM (0) sin wpyet
EM (1) = FM(0) cos woset — F31(0) sin woset (3.3)
FM(1) = FM(0)

Which follows, FM = - sin26 cos wosct, FM = —sin26 sinwyger, F) = cos26. So far, we are
in the mass basis where the vector defining the density matrix is also defined over the mass basis.
This refers to the solution of the evolution equation of F around B in mass basis. To understand
how the dynamics affect the probability level F* (1) has to be transformed into the flavor basis
F¥ (1) and F£ (r) will give the probability of obtaining the initial flavor v, after atime t. Following
the transformation, 5'3"“ = cos 2-96'5” — 8in 296']M, of the basis vectors, the F can be transformed
into the flavor basis, i.c., F,.F(t). We are only interested in the o3 component of the F because
the initial flavor state is along the ¢; component. The time-evolved component of F. provides the
flavor state, which eventually gives the appearance probability of the particular flavor state, i.e.,
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Figure 3: Figures illustrate the geometrical representation of neutrino oscillation in the presence of decay
for critically damped case(left panel) and under damped case(right panel). For the under-damped case,
the oscillation amplitude damped down in an oscillatory way. Consequently, there is oscillation with
decreasing amplitude, which directs towards the fact that after one full revolution, it is impossible to get
back to the initial flavor state as the presence of decay parameter b, which causes the flavor state depicting
vector F execute a helical motion. Moreover, this helical motion doesn’t confine to a plane because this
decay parameter affects the ¢3 components as well, which makes F drag toward (‘r;”" which the mass
basis in the presence of decay. In addition, with the gradual decrement of the pure state, the flavor state
dies down, demonstrating that it ultimately dissipates to the mass state and F aligns itself towards B. In
a critically damped case, the magnitude of the damping parameter is equal to the natural frequency of
the oscillation. Due to this equivalence, the F vector is set off for rotational motion, although it can not
complete one full rotation and decays to the mass eigenstate.

Pa = Fff(r) = 1 — sin® 26 sin” % The plot at the left of Fig.2 depicts the same behavior of
standard oscillation. The appearance (black line) and disappearance (red line) probabilities are
plotted with respect to the L(km)/E (GeV) ratio. This figure points to the un-deviated oscillatory
nature of the precessional motion of neutrinos, mentioned in Fig.1 which also implies the same
picturization of any standard two-level system [28]. It also predicts after which length we should
get back the same flavor. Intuitively, this refers to the fact that the flavor state of the neutrino acts
as a magnetic moment vector rotating along the magnetic field where the Hamiltonian depicts the
magnetic field.

Scenario 2: i # 0, b # 0. In the next scenario, we analyze considering both the decay parameters to
be non-zero of the decay Hamiltonian, which effectively modifies the evolution equation eq.(2.19)
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Figure 4: Figures illustrate the geometrical representation of neutrino ﬂscjillatinn in the presence of decay
for the over-damped scenario. The oscillation amplitude damped down in an oscillatory way in the
presence of decay. Consequently, there is oscillation with decreasing amplitude, which directs towards
the fact that after one full revolution, it is impossible to get back to the initial flavor state as the presence of
decay parameter b, which causes the flavor state depicting vector F execute a helical motion. Moreover,
this helical motion doesn’t confine to a plane because this decay parameter affects the &3 components
as well, which makes F drag toward &3 which the mass basis in the presence of decay. In addition,
with the gradual decrement of the pure state, the flavor state dies down, demonstrating that it ultimately
dissipates to the mass state and F aligns itself towards B. In a critically damped case, the magnitude of
the damping parameter is equal to the natural frequency of the oscillation. Due to this equivalence, the
F vector is set off for rotational motion, although it can not complete one full rotation and decays to the
mass eigenstate. The scenario of decay of flavor state to the mass eigenstate is much more dominant for
the over-damped case where F directly dissipates to B without executing any rotational motion as shown
by the figure in the left panel.

Lo,
EM 2 FM _opp M
M =2 FM _oppM (3.4)
£ = -2bFM

Analogically, the above equation is the equation of motion of a damped harmonic oscillator.
Physically, one such instance can be noticed in NMR. In the case of NMR, the 24 factor acts as
the relaxation time 1/7. It is noted from eq.(3.4) that the 7 factor doesn’t play a role here. If
the off-diagonal term is hermitian, it contributes to the evolution equation, which can be noted
following [35]. For the invisible neutrino decay, the Bloch equation is independent of the diagonal
terms of the perturbation Hamiltonian. Moreover, the contribution from the o3 component makes
the equation different from the standard oscillation, where no contribution comes from the o3
component. To visualize the dynamics geometrically, let us look through the differential Bloch
equation form of eq.(3.3).

d

F=BxF-2bF 3.
o x b (3.5)
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Eq.(3.4) implies that due to the presence of the decay factor, the circular motion is converted to
a spiral motion coiling into the mass basis of the Hamiltonian. Moreover, due to the occurrence
of damping along the 0-3"” -axis B drag F, which enforced F to execute a helical motion in the
a3 direction with gradually decreasing screw pitch. We must quantify parameter b with an
approximated value mentioned in [15,25] for a complete pictorial overview. For consistency, b has
to be the dimension of energy(eV). Next, we derive the oscillation probability using eq.(3.4), the
solution of which,

FM (1) = ¢ P FM(0) cos woyet
+e P EM(0) sin wogct

FM (1) = e 2" FM(0) cos wosct (3.6)
— e 2PN (0) sinwoget

FM () =e 2 FY(0)

Here, we impose the same boundary condition as before,i.e., F]M(O) = —sin 26, FQM(U) =0,
FlM (0) = cos20. Transforming the basis vector mass to flavor basis following 6-3F = cos 26‘6—;‘4 -
sin 28(}{”, furnish the expression of Ff(t) which is the probability of detecting flavour state v..
Explicit mathematics follows,

FF (1) = cos 20F — sin 26F M (3.7

This produces the oscillation probability in the presence of decay Hamiltonian
t
FL = e-zm[] — sin® 20 sin? (w"%)] (3.8)

‘We have approximated w,s. >> b, so the oscillation frequency remains unchanged. Nevertheless,
the inclusion of b modifies the oscillation to Vw3, + b2. The expression refers to the phenomenon
of amplitude damping of neutrino oscillation apart from imposing a perturbation to the mass basis.
The plot at the right panel of Fig.2 implies the same fact, while the figure in the right panel of Fig.3
implements the same factuality diagrammatically.

A parallel comparison can be drawn with the NMR system. The nuclear spin system needs T to
reach the thermodynamic equilibrium in the presence of the applied transverse external magnetic
field. This results in exponential damping. Moreover, the relaxation time depends on the material
of the medium and the direction of the applied field [36]. The Bloch matrix for the NMR system
can be followed from [35], which shows.

S» 77% A 0\/s, 0
Sy[=|-a -+ € ||sy]|+|0 (3.9)
S. 0 —e —£/\S:) \S

Dependence of the relaxation time over the direction of the applied magnetic field introduces the
two relaxation times 7} and 7>. Equivalently, the system of the decay parameter defines the lifetime
of the flavor state [ 14, 15] that follows a straightforward analytic definition of the decay parameter,
which is subjected to a dependence on the mass of the neutrino m, and lifetime of neutrino 7.
Since no definite magnetic field applies to the neutrino system, only one damping factor b exists.

Scenario 3: 7 # 0,b # 0,& # 0. This is the most general scenario where we do not approximate
the £ to be zero for the invisible neutrino decay. Inclusion of £ term in the off-diagonal part of the
decay Hamiltonian further bifurcates B,,;, in the following way,

B = _?l(trob) = _Il cos £y + %Siﬂf(’i’z (3.10)
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In our present choice of basis, again, the ¢ component will be decoupled from the dynamics of
FM_ However, a contribution remains from the & component. From the commutation relation

a _ sme[-F1 F3
aP =" B F

) hich modifies the the evolution equation of FM o,

Fl = *ng —~ b[“l + T,'Sl;..f F}
1

Fr = wF, - bF> 3.11)

F] = —21’)F3 - T]%{Fl

In more compact form, the matrix representation of eq.(3.11) is written as,

M\ [ b o n5E\(FM
M=l w b 0 ||EM @AY
EM] \-n22f 0 -2b\F¥

The above equation indicates that the inclusion of the £ term can not decouple the 7 term from the
derivation, which is a clear-cut indication of the presence of CP phase even in the absence of the
Majorana phase ¢. The effect of the factor ¢ in a more explicit way can be shown in the following
way.

F = ((U,,_,-C-(‘)'j X FZM('}z) + (w(,_\.(;(r_x X FINI(}])

—2bF + (e-”ffﬂ sin £6y x FM b5
37 } (3.13)
+e” 2L sin g6y x F{‘”’al)
=BXxF-2bF+¢ ""HExF)
Where we have denoted E = g sin&ads + g sin£dm. This above equation depicts that in the presence of

&, F not only tends to execute circular motion around B, but also it does evolve around E. This modifies
the evolution equation

FM+2bFM + 03FM =0

EM L 2bEy+ T,—S‘;?F'IM <D
h L

Where, w; = \/w,%m. +b2 - (#) This clearly shows that the presence of & profoundly modifies

the oscillation frequency, affecting the system as a perturbation introducing quantum fluctuation. The
relative dependence of the values of the parameters w and b guide us to probe the result in the following
three categories.

1. Under damped oscillation: The most general case is when the oscillation parameter w,s. takes
over the damping parameter b, i.e., wose >> wj. The larger value of the oscillation parameter than
the damping parameter signifies the existence of both appearance and disappearance probability with an
exponential decrease in amplitude. The amplitude of the flavor state gradually dies down. Consequently,
F tries to align itself along the B, which signifies that the flavor state exponentially damps down to the
mass state. Geometrically, the phenomenon is depicted in the right panel of Fig.3. In the presence of
the decay, the 0—3"” axis is displaced by an amount b(red dashed line). The yellow dashed line denotes
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the system’s total Hamiltonian, B. The initial flavor state is aligned along (r_f, i.e., F(0). The existence
of decay enforces F to execute a spiral motion. It is to be mentioned here that for the critically damped
case, the angular velocity modifies to Vw2, + b2, although w,y >> b. Moreover, this motion is not
confined to the o»o plane. The appearance of 2" along the o5 drags F(1) towards o compel the
spiral rotation to follow a helical trajectory as shown in the figure.

2.Critically damped oscillation: In this scenario, the oscillation parameter and damping parameter,
i.e., w and b merge together,i.e., wose = b. The appearance probability exponentially damped down in
this case. There is no oscillation of the flavor state associated with it. This implies that the flavor state
does not execute the rotational motion around B. With the decrement of the appearance probability, the
disappearance probability increases and reaches a maximum, after which it reduces to zero. This implies
that neutrinos tend to oscillate, but due to high perturbation, they damped down quickly to the mass basis.
The diagram in the left panel of Fig.3 interprets this phenomenon geometrically. Despite the fact that
Vi, + b2, as the damping factor 2b equals the standard oscillation frequency e, the F damps down
quickly to the mass basis. The figure suggests that F(0) is set to rotate around B. But due to the high
damping coeflicient, which merges with the standard oscillation frequency, the F can not complete one
complete revolution and dies down quickly to the mass basis.

3. Overdamped oscillation: the appearance probability decreases rapidly in this scheme. Initially,
the neutrino tends to oscillate. Due to the negligible value of the disappearance probability, it can be
neglected. Without spiraling in, the flavor state decays directly to the mass basis and loses its identity, as
explained by Fig.4. It refers that due to the overtaking of the value of b than w, F directly falls onto the
mass basis. Without spiraling in.

From the above analysis, it is clear that the neutrino system behaves like a mechanical oscillator.
Although the neutrino has been treated as an ultra-relativistic particle with quantum mechanical properties
throughout the derivation, it starts to behave as a classical oscillator in the presence of an external
perturbing Hamiltonian. For a mechanical system, the equation of motion in the presence of the viscous
drag is ¥ + 2yx + wox = 0, where y factor is associated with the damping of the system. In the case of
the amplitude of displacement getting damped down, as in the case of the neutrino, the amplitude of the
oscillation probability dies down. This implies that the presence of decay neutrino starts to mimic the
mechanical oscillator.

The above discussion encompasses the fact that the flavor state neutrino decays to its mass state,
which causes the flavor of the neutrino to disappear after a certain distance completely, and the neutrino
propagates as a flavorless massive particle. In the critically damped oscillation, the flavor state of the
neutrino set off its journey towards accomplishing the circular trajectories. However, the marginal value
of the decay parameter, which coincides with the decay parameter, restricts its motion, and they could
not complete one complete revolution. Consequently, there is some finite probability of disappearance
occurring, although the oscillation length can not be achieved, and the trajectory spirals towards the mass
basis similar to the Fibonacci sequence [37]. Fig.3 depicts the same phenomenology as described. For
the over-damped oscillation, due to the substantial value of the decay parameter b, i.e., greater than the
standard oscillation, the flavor state directly dies down to the mass basis without performing oscillation,
1t is also to be mentioned that the system of the decaying flavor state of neutrino is precisely similar to
that of a nuclear spin state in an external Magnetic [35]. This also indicates the non-adiabaticity of the
flavor state oscillation in the appearance of a perturbing Hamiltonian in the neutrino system. However, in
the probability regime, we have considered the adiabatic transition. But figuratively, there is a clear-cut
indication that the mixing angle should also vary in the presence of decay. The flavor vacuum oscillation
of the neutrino indicates that the flavor state picked up from the vacuum during propagation, and the
initial flavor state of the neutrino acts as a coupled harmonic oscillator.

We find that the appearance probability and disappearance probabilities in the presence of decay are
dependent on phase £. The Majorana phase(¢) also appears in the probability analysis if the off-diagonal
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decay terms are present. Thus, we have two phases ¢ and ¢ which can induce CP violation in a
vacuum. The anti-neutrino oscillation probabilities can be easily obtained by replacing { — —¢ and
¢ — —¢. To quantify the amount of CP violation associated with the presence of decay, we define the

i Cay | —dec . . i
quantity Agg = Piz"“’ - Py “* The asymmetry associated with muon appearance probability. A(C:
is proportional to factor =24 sin(¢ — ¢) B, where B = Y1200 (Am'L/AE) |5

Am?2E

4 Comparison with neutrino oscillation in vacuum and matter

We provide an overview of the geometric representation of neutrino oscillations in both vacuum and
in the presence of matter, as previously explored in references [?, 6, 38]. Subsequently, we compare
these findings with our current analysis, which incorporates the geometric representation of neutrino
oscillations along with decay effects.

4.1 Description of neutrino oscillations in vacuum

Before going to our results for geometrical interpretation in the presence of decay, we provide an overview
of the geometrical interpretation in vacuum and matter explored in the literature.

Let’s briefly outline the geometric representation of two-flavor neutrino oscillations, as initially
discussed by Kim et al. (1988) [8]. This illustration utilizes the evolution equation for two generations
of neutrinos. Using orthonormal unit vectors, the authors explained the geometrical picture of neutrino
oscillations in vacuum and matter. The propagation and time evolution of neutrino flavor states are
described as follows:

5 1
i2 v‘,] = HF[V ]:——(-r)-? ke 4.1
ot [ vy Vi 2 Vi
where
= 1 2 . 5 2 &
B = 2E[—Am‘sm291+(Am‘cosZﬁ)—A)z]

here A = 2v2G N, E with Gz Fermi constant, N, the electron number density in matter, and E neutrino
energy. The vector B in the presence of matter is linked to its value Bg in vacuum (A = 0) as

B =By - (A[2E)3

Defining gy’ = L] + 7 . P|, where P represents the equivalent magnetic moment vector (or
polarization vector), the pure electron neutrino state v, can be visuﬂ!y depicted with P = 7, while the
pure muon neutrino state v, is oriented along the negative z-axis (P = —£). The concept of neutrino
oscillation can be interpreted as the precession of the magnetic moment vector (7’)) about an external
magnetic field B.

=y sy
=PxB. (4.2)

=3

B is a constant vector (Bp) in vacuum, and P describes the cone’s surface with axis B and an opening
angle 26 aﬁshown in Fig.5. Within the core of the Sun, we have mainly neutrino associated with electrons
such that P is directed along the z-axis. Also, due to high electron density for the propagating neutrinos,
B is almost parallel to the negative z-axis, so the precession cone is close to 180°. One can visualize it
as if P is rotating about — B in an anticlockwise direction with an angle close to zero. When tthFutrinos
emerge from the Sun, the effective matter potential decreases, and B shifts to its vacuum value By. P will
precise around E(; with opening angle 180° for adiabatic migration. Thus, in the final state, we have a
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neutrino state dominated by v,, explaining the geometrical picture of the MSW effect inside the Sun. The
work carried out by Kim et al. was mainly focused on one initial neutrino flavor. However, it is useful
to understand the geometrical representation for an ensemble of neutrinos with different flavors. We
can define such incoherent neutrino beam by using density matrix formalism used by [6]. A Hermitian
density operator can define the neutrino beam.

P() = alx)) We (va(x)] (4.3)

@

The parameter W,, is defined as the initial statistical weight factor, which is a measure of the probability
of particular neutrino flavor @ at x =t = 0. The key property of density matrix operator is Tr[p(x)] =

VE

Vi "

————— Vacuum Hamiltonian depicting external magnetic field like vector = B
MSW potential characterizing unit vector =L
Hamiltonian vector = H

— Polarisation vector of neutrinos = P

Cartesian Basis

Figure 5: Illustration of the geometrical interpretation of two flavor neutrino oscillations in vacuum and
matter effect. The choice of orthonormal basis is in the Cartesian coordinate system where the vectors
&, B, P = F etc. are derived. This is the picturization of the precession of the polarisation vector or
neutrino flavor state around the effective Hamiltonian in vacuum as well as in matter. Initially, the pure
electron-neutrino state is defined as P( = 0) along the direction of the z-axis. The evolution of this flavor
state can be understood by the quantity H x P, where H is defined for effective Hamiltonian for vacuum
or matter. The other muon-neutrino flavor state is depicted in the -z axis. Kim.et.al (1988) [?,8]

Yalvax)| plx) [va(x)| = 1 where {Iv[,)} is a complete set of states. The evolution equation of the
density matrix in the flavor basis is derived in [6] and is given by

d
i% = [He. pr (4.4)

with initial boundary condition [pr],s(0) = W,.d,s. With two flavor scenario with v, — v,,, the effective
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Figure 6: Geometrical representation of neutrino oscillations in vacuum (in left-panel) and in presence
of matter (right-panel). The choice of basis adopted here is the flavor basis of neutrinos with the three
orthonormal vectors €, €2 and &35 represented by black solid lines. The mass eigenstates of neutrinos
are derived from equivalent orthonormal vectors represented by dashed magenta color lines and are
related to flavor ones by mixing angle 26. The effective Hamiltonian in two neutrino systems in a vacuum
is described in flavor basis by Hg = —1/2 g while the vector B = —% 1 + Mﬁ“i[; 3F 18
depicted in the second quadrant. The initial neutrino flavor state, let us say v,, is oriented along é: er
direction and is rcpresented by a flavor state vector S(r = (). The evolution of the neutrino state vector §

from distance x = 0 to x = L, is described by the quantity §x Band thereby, the precision of § about

B describes neutrino oscillation.

Hamiltonian Hg in flavor basis can be written down as

1, —= 1 — =
H = -50% - B pp=§[0'()+(rp-1’]. (4.5)
Here, the choice of basis is essential and as adopted in [6],?;p,72p,_e)3p are three orthonormal basis
vectors with property @ ur € pF = 84 in which flavor states of neutrinos can be constructed.

The components of vectors B (can be interpreted as a magnetic field) defined in the flavor basis are

Am? sin 26
Biy=——
17 5E
ng':O
Am? cos 26
Bijp= ————— | 4.
3F Ta (4.6)

For the evolution of the system in the presence of matter, the mass square difference(Am?) and the mixing
angle(#) should be replaced by the effective mass square difference( Am?) and modified mixing angle
(f) in the presence of matter potential. The components for equivalently interpreted Polarisation vector
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= . - . .
(P ) arising from the density matrix operator as,

Pw? = ZRC[PFIeH
Pop = _ZIm[pF]«p
Pir = |prlee — Lor]up - 4.7)

: : 3 ; -
With the orthonormal set of basis vectors ?a, the various vectors defined as ?p = prl (r“?f,‘, B =

Zi:l Bg_e)g, and P = 2?,:1 Pg_e’l{i They derived from evolution equations of the density matrix
gperator. and the corresponding translated initial boundary conditions are T’)l F(0) =0, 73)2 F(0) =0and
Pir(0) =W, - W,u-

Let us understand the physical meaning of neutrino oscillations in vacuum in terms of &, B and P.

Assume that the initial neutrino state is a pure electron neutrino produced in Sun, i.e., W, = 1 and
W,, = 0. The Polarisation vector P (0) is aligned along ¢ 35 direction. For pure muon type neutrino state
(W, =0and W, = 1) the Polarisation vector 73)(0) will be aligned along ncgalive_e’gF direction. For an
incoherent mixture of electron and muon neutrino states, the orientation of the Polarisation Vcctor?’)(D)
will be along +7¢ 37 depending upon the relative strength of W, withr = e, i. The norm of the Polarization
Ector will dec_i)de whether the neutrino beam is a pure state or incoherent mixture. The precision of
P around the B can have different geometrical viewpoints depending upon the value of matter density
compared to the resonance density. We present one such scenario in Fig.6, where the transition is adiabatic
for solar neutrinos. The right panel of Fig.6 suggests the geometrical interpretation of neutrino oscillation
in matter in over ef' and ef."" as described in [6]. The presence of matter Hamiltonian A = 2v2G6 FNCE,
the standard Hamiltonian of the neutrino is dragged down as the figure indicates. However, the P tends to
follow the precessional motion around B. In order to retain its circular motion £ starts to revolves round
—B as a results of which instead of vy it is now coincide with v, and P describes a narrow cone (~ 180°)
round B. The resonance crossing of P in the nonadiabatic case represents v — v [6] We find that
both the works by Kim and Guinti describe neutrino oscillations in vacuum and matter but with different
basis choices. The choice of orthogonal basis is not unique. For example, Mikheyev and Smirnov [39]
have described the two-flavor neutrino oscillation using an orthogonal mass eigenstates as the choice of
basis as vy, Re va, and Im v;. Nevertheless, in the following subsection, we present the geometrical
interpretation of neutrino oscillations in the presence of decay, which is not yet clearly explored in the
literature.

4.2 Description of neutrino oscillation with decay

2
=L 0
The standard Hamiltonian of the neutrino oscillation is defined as H, = (QE il ) Following [15] this
E_E: !
—_— : +m3) 2—m} "
Hamiltonian can be decomposed as Hp = %(wol+w ~oz) withwg = (m'z;"- andw = (o ‘25"'2). Since the

wyg term doesn’t contribute to the flavor-changing neutrino oscillation, the first term of the Hyy is ruled
out. As we have already discussed, we can unify the effect of invisible neutrino decay by the Hamiltonian,

H, = wi( b n/2

—i
=3 s 5 )_—(bl+q-o') (4.8)

2

Which modifies the description of the Hamiltonian of the neutrino system to ‘H,;, = %(7ibI+wA<rfiq/240').
This results in a modification of the neutrino system’s Hamiltonian to H,, = %(—HJI +w-o—in/2-0).
In summary, when considering the presence of decay, the Hamiltonian for the neutrino system can be
vectorized by introducing a vector that represents decay in addition to the standard Hamiltonian for
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neutrino oscillation, denoted as H,,, = Hy + Hy. This is mathematically elucidated in the following
equation.

1
Ho = E(wol+w < 03)
i, 4.9)
Hy = 3(“‘“1 o)

For a geometric representation, we have opted for the Pauli matrix basis. This choice is motivated by the
ability to expand the Pauli matrices over the mass basis, which can be conceptualized as a two-level system
featuring two mass eigenstates, namely |v1) and |v2). The explicit form of oy (where i = 1, 2, 3) over the
mass basis is provided in eq.(2.12). The unique aspect of the superposition of two non-degenerate mass
eigenstates over the flavor eigenstate of the neutrino system motivates the adoption of this formalism. This
contrasts with other particles, where a unique mass eigenstate exclusively describes each flavor eigenstate.
The selection of this basis allows for the vectorization of the Hamiltonian in the mass basis, represented
by the basis vector 4. In the mass basis, we denote the vector representation of the Hamiltonian for
standard oscillation as By, and the decay Hamiltonian as B,,,.

=
B,, = 5(.()()'3

Bun

%’(bl+u/2(‘rl) (4.10)

—im

1
B 5(0)6’3+e T (bL+ndr))

The imaginary —i factor physically represents the rotation of the coordinate axes by the angle of %
After elucidating the vectorized Hamiltonian of the neutrino system, we have introduced the density
matrix formalism to express the flavor states. Similarly, as we have denoted the Hamiltonian in vector
representation, we have demonstrated the density operator of the neutrinos depicting the flavor state as,

p=F'U=F16’1+F2(}2+F36'3 (411)

s :
o g ool L _ [ cost@  cosfsing)

The Magnitude of the F is F; = Tryoyp. For neutrino system, p(t = 0) = cos 8 sin @ g 5
Fy Fi—iF

. The interpretation directly shows F in terms of the component of p as,
Fi+iF —F

Fy=(p1a+pn)

F,=i(pi2 - p21) (4.12)

F3 = (p11 = p22)
Thus, two operators, Hamiltonian, and density operator, are represented by two vectors B and F respec-
tively. The dynamical evolution equation of F describes how these two vectors are interrelated. In this
demonstration, instead of denoting the Hamiltonian as an inner product with the Pauli matrices on some
arbitrary basis, we have expressed the vectorized Hamiltonian in Pauli bases. In this context, it is to be
mentioned that the main reason for introducing the Pauli basis is that during the change of basis from
mass to flavor or vice-versa only these basis vector &; will change which makes the visualization of the
phenomenon of oscillation and mathematics much simpler. This flavor-mass bases conversion is given
as,

M_ _F
0y =0
oM =sin200] +cos 28]

Lo @.13)
(T2 = l’Tz
3! = cos2605 - sin28af
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The scenario also addresses that the Hamiltonian is responsible for the evolution of flavor state with either
time. Following the Von-Neumann equation, the evolution equation of the density operator is explicitly
of the form,

d =i 1
i=p(1) = 5 [Ho.p] = 5{Ha.p) (4.14)

This follows from the Schrodinger equation, which gives the dynamical evolution of the operator. In the
present representation, this equation is written as %F,- = Tr%(r;‘%p which gives the dynamical flavor
evolution over Pauli basis in terms of state vector as,

%F:FxszbF (4.15)

In this framework, the dependency of the evolution of the state for the two-flavor neutrino oscillation over
the off-diagonal terms of the decay Hamiltonian is automatically canceled out. It is also to be mentioned
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Figure 7: Figures illustrate the geometrical representation of neutrino oscillation in decay under damped
case in Pauli basis. For the under-damped case, the oscillation amplitude damped down in an oscillatory
way. Consequently, there is oscillation with decreasing amplitude, which directs towards the fact that
after one full revolution, it is impossible to get back to the initial flavor state as the presence of decay
parameter b, which causes the flavor state depicting vector F execute a helical motion. Moreover, this
helical motion doesn’t confine to a plane because this decay parameter affects the ¢3 components as well,
which makes F drag toward (‘r}M 4 which the mass basis in the presence of decay. In addition, with the
gradual decrement of the pure state, the flavor state dies down, demonstrating that it ultimately dissipates
to the mass state and F aligns itself towards B.

here that the flavor state representing vector F is defined over the mass basis. Atan initial time r = {J, we

have considered the neutrinos are produced in the pure electron flavor state. Therefore, it is clear from
€q.(2.19) that solving the equation and transforming it to the flavor basis following the change of bases
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from eq.(4.13) give the appearance and the disappearance probabilities.

— ,=2bt pvac
PEH =e PCF

P = -2 prac (4.16)

Where PLi¢ = sin® 2¢'sin” wL. The geometrical description of the eq.(4.15) is given in Fig.7, which
implements the damped oscillatory nature of the neutrino flavor state. Figuratively, it suggests that the
flavor eigenstate of neutrino decays to the mass eigenstates following helical trajectory due to the decay
~2¢t  The work’s uniqueness lies in the choice, simple mathematical description, and effective
geometrical visualization.

factor e

This illustration also shows that the neutrino system mimics the NMR system in the context of the
similar format of the Bloch equation. From [35], the Bloch equation for an NMR system in an external
magnetic field is

e *Tl: A 0)/[s, 0
Syl=|-a —% € ||Sy|+] 0 (4.17)
S 0 - —34/\S:/ \s?

Where the Hamiltonian of the system, including the perturbation, is given by H = A8, + €S,. 5. Sy 8z
denotes the nuclear spin under the influence of an external magnetic field with 7y and 75 as the dissipation
and dephasing relaxation parameters. Similarly, for the Bloch equation for the neutrino system as derived
in eq.(2.20),

E, b —w 0 \[F

Fyl=lw -b 0 [[F (4.18)

F, 0 0 =2b/\F.

Where the role of the external magnetic field is played by the mass square differences w and the dissipation
parameter is b. Although the x component of the Hamiltonian is present in both cases, for NMR, it is
Hermitian; hence, it is present, €, and for neutrino it is non-Hermitian hence is doesn’t show up in the
Bloch matrix, However, in the Liouville super-operator formalism it will be present in the matrix defining
the Liouville super-operator [26].

5 Conclusion

We discussed the geometrical interpretation of two-flavor neutrino oscillation in the presence of neutrino
decay with a detailed analysis of the theoretical framework. A comparative study of the geometrical
description of neutrino oscillation performed in the present work along with earlier works [?, 6, 38] has
been presented for better understanding of the reader. We followed the density matrix formalism to define
the neutrino as an open quantum system in the presence of decay. We vectorized the operators, the
Hamiltonian, and the density operator of the system to analyze the neutrino oscillation, including decay
geometrically. Implementing such formalism, we devised a simple mathematical analysis following [35]
to produce the expression of probabilities. Using the Pauli basis, we interpret the results schematically,
which validates the decay of the flavor state to the mass state. we also showed the modified evolution
of the flavor state depicting vector in presence of phase factor £ in the non-hermitian Hamiltonian. This
introduced a CP violation phase in two flavor neutrino oscillation. We also qualitatively discussed the
three scenarios of under-damped, over-damped, and critically-damped motion. To give the work an
overall completeness, we did a comparative study of the geometrical interpretation of neutrino oscillation
in vacuum, matter, and decay that includes the MSW effect. In a nutshell, we have found that in the
presence of decay, the flavor state depicting vector F executes a spiral motion around the Hamiltonian
depicting vector B, through which the flavor state of neutrino decays to the mass eigenstate. The choice of
Pauli basis has made the interpretation of the phenomenon of decay in a more convenient way. However,
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such a choice of basis has made the oscillation probability independent of the off-diagonal factor, which
stipulates the event of amplitude damping of the oscillation in addition to introducing a perturbation to
the mass eigenstate.

The geometrical interpretation of two-flavor neutrino oscillation provides an easier way to understand
why such oscillations get enhanced in matter- an effect known as MSW (Mikheyev-Smirnov-Wolfenstein)
effect that could explain the well-known solar neutrino puzzle. This description can also apply to
understanding the governing dynamics of Supernovae and the fast flavor conversion of Supernovae
neutrinos [40-42]. The three-flavor neutrino oscillations can be approximated with two-flavor neutrino
oscillations (v, and v, with x = g, 7) within Supernovae as the muon and tau neutrinos have identical
interactions and thereby, behaves similarly [43,44]. Additionally, one may consider neutrino as an open
quantum system with a similar viewpoint to the nuclear magnetic resonance (NMR) system [35], where
the external magnetic field acts as a beam splitter. In contrast, in the case of neutrino, the unitary
transformation matrix performs the same. In addition to this, the proper characterization of the decay
parameter with its value and its consequence on neutrino oscillation is still a broad area to investigate.
Furthermore, the investigation of the proper reason behind the neutrino decay will make the understanding
of neutrino oscillation more effective. Rajrupa Banerjee would like to thank the Ministry of Electronics

and IT for the financial support through the Visvesvaraya fellowship scheme for carrying out this research
work. RB is very thankful to Prof. Prasant. K. Panigrahi for the fruitful discussion carried from
time to time for the betterment of this work. KS acknowledges the financial support received via the
"Bi-nationally Supervised Doctoral Degree Program” from the German Academic Exchange Service
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